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Abstract 

, In 6 , Bichon, De Rijdt and Vaes introduced the notion of monoidally equivalent compact quantum 

groups. In this paper we prove that there is a natural bijective correspondence between actions of 
monoidally equivalent quantum groups on unital C*-algebras or on von Neumann algebras. We apply 
this correspondence to study the behavior of Poisson and Martin boundaries under monoidal equivalence 
,—■ ■ of quantum groups. 
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After Woronowicz had introduced the notion of a compact quantum group as a generalization of a compact 
group, many research topics applying to compact groups were expanded to the general framework of compact 
quantum groups. One of these topics concerns the study of (ergodic) actions of compact groups on unital 
C*-algebras (an action on a C*-algebra is ergodic if the fixed point algebra reduces to the scalars). We refer 
to the articles of H0egh-Krohn, Landstad and St0rmer [TT] and Wasserman |31| [32 OS] for a deep study of 
this topic. The abstract theory of ergodic actions of compact quantum groups on C*-algebras was initiated 
by Boca [7] and Landstad [16] . It turns out that the general theory of (ergodic) actions of compact quantum 
groups on C*-algebras is different from the classical theory and in fact much richer. One major difference 
(*C) • is that the multiplicity of irreducible representations in an ergodic action can be strictly greater than the 

^ ' dimension of the representation space, which is impossible in the classical case, where the dimension of the 

representation space is actually an upper bound of this multiplicity. In the quantum case, the upper bound 
is given by the quantum dimension which is usually larger than the usual dimension. 

In [5J, Bichon, the first author and Vaes introduced and developed the notion of monoidally equivalent quan- 
tum groups. By definition, compact quantum groups are called monoidally equivalent if their representation 
categories are equivalent as monoidal categories. In their article, they were able to describe certain ergodic 
actions as unitary fiber functors on the representation category. These ergodic actions are exactly the er- 
godic actions of full quantum multiplicity. This provides us with a powerful categorical tool for constructing 
ergodic actions. Moreover, these ergodic actions of full quantum multiplicity provided the first examples of 
ergodic actions where the multiplicity of the irreducible representations is strictly greater than the dimension 
of the representation space. 

In, [19], Pinzari and Roberts obtained a categorical description of all ergodic actions of a compact quantum 
group. Inspired by [BJ, they describe an ergodic action (not necessarily of full quantum multiplicity) of a 
compact quantum group as a special kind of functor on the representation category. When the ergodic 
action is of full quantum multiplicity, the corresponding functor is just a unitary fiber functor as in [BJ. This 
categorical description yields a bijective correspondence between ergodic actions of monoidally equivalent 
quantum groups on unital C*-algebras. 

In this article, we obtain a bijective correspondence between (not necessarily ergodic) actions of monoidally 
equivalent compact quantum groups on unital C*-algebras. Moreover, the correspondence is of that kind that 
it preserves the spectral subspaces of the actions. Restricting this to ergodic actions, this just means that 
the multiplicities of the irreducible representations are preserved through this correspondence. It should be 
emphasized that our approach is not categorical. The correspondence is obtained in a concrete, constructive 
way. 

A major application of the bijective correspondence between actions of monoidally equivalent quantum groups 
is found in the study of Poisson and Martin boundaries for discrete quantum groups. These boundaries find 
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their origin in the study of random walks on discrete groups. A nice survey can be found in |14j . The study 
of random walks of discrete quantum groups was started by Biane, who considered duals of compact groups 
and obtained a theory which was parallel to the theory of random walks on discrete abelian groups. Random 
walks on arbitrary discrete quantum groups, and their Poisson boundaries were introduced by Izumi in [12) . 
whose main motivation came from the study of infinite product actions of compact quantum groups. In [12j , 
Izumi identified the Poisson boundary of the dual of SU g (2) with the Podles sphere [5D]. Later, Neshveyev 
and Tuset [18j . associated a Martin boundary to a random walk on a discrete quantum group and proved 
that the Martin boundary of the dual of SU g (2) is also given by the Podles sphere. In [T3|, Izumi, Nesveyev 
and Tuset identified the Poisson boundary of SU q (n) but its Martin boundary remains unknown. 

Very recently, Tomatsu managed to identify the Poisson boundaries of all amenable discrete quantum groups 
G when its underlying compact quantum group G has commutative fusion rules. This Poisson boundary 
appears to be the homogeneous space of G with respect to the maximal closed quantum subgroup of Kac 
type [53j. This covers the results of Izumi, Neshveyev and Tuset, but is obtained in a completely different 
way and is also much more general. For Martin boundaries, there are no such results. 

Considering the non-amenable case, Vaes and the second author [55] have identified the Poisson and Martin 
boundary of the class of universal quantum groups A Q (F) with higher dimensional Podles spheres. When 
dim(F) > 3, the dual of A Q (F) is not amenable. 

We prove in this article a very general result. We provide a systematic method to relate Poisson and 
Martin boundaries for the duals of monoidally equivalent quantum groups. The relation goes as follows. 
Both the Poisson and Martin boundary of a discrete quantum group G, which is the dual of the compact 
quantum group G , admit a natural action of G. If the compact quantum groups Gi and G2 are monoidally 
equivalent, the boundaries of their duals Gi and G2 are related through the bijective correspondence we 
obtained between the actions of Gi and G2. This means that if we know the Poisson (Martin) boundary of 
the dual of a compact quantum group G, we at the same time know it for the duals of all compact quantum 
groups which are monoidally equivalent with G. 

Combining our result with Tomatsu's work, we give a concrete identification of the Poisson boundary of 
a large class of discrete quantum groups. This method makes it also possible to obtain more examples of 
identifications of Poisson boundaries of non-amenable discrete quantum groups. The main observation is 
that amenability is not preserved under monoidal equivalence. A first class of examples of this kind are the 
universal orthogonal quantum groups A (F). If the dimension of F is greater than 3, then A a (F) is not 
coamenable. The quantum groups A a (F) and SU q (2) are monoidally equivalent for the right q. Moreover, 
the Poisson boundary of SU q (2) was identified by Izumi and also, in a different way, by Tomatsu (SU q (2) 
is coamenable) . The correspondence just described gives a concrete identification of the Poisson boundary 
of A {F). As we already saw, this result was already obtained by Vaes and the second author by another 
method [55] . These were the first examples of identifications of Poisson boundaries of non-amenable discrete 
quantum groups. 

A second and new class of examples of the above type come from quantum automorphism groups A aut (D, u), 
with D a finite dimensional C*-algebra. These quantum groups have the fusion rules of 50(3) and are 
coamenable if and only if the dimension of the C*-algebra is less than or equal to 4. We prove, in that case 
that the maximal subgroup of Kac type is the one-dimensional torus T. In combination with the result of 
Tomatsu, this provides us with an identification of its Poisson boundary. Using the fact that every quantum 
automorphism group is monoidally equivalent with a coamenable one, we obtain also an explicit identification 
of the Poisson boundary of the duals of all such quantum automorphism groups. 

Because every A a (F) is monoidally equivalent with an SU q (2), the correspondence of Martin boundaries 
under monoidally equivalent quantum groups gives a direct method to identify the Martin boundary of the 
duals of the universal compact quantum groups A (F). This identification was already obtained by Vaes 
and the second author in [55J by a different method using a result of JJ], allowing to deduce the Martin 
boundary, in the case of A a (F), from the Poisson boundary. 

Finally, we would like to thank Stefaan Vaes for the numerous remarks and careful reading of the manuscript. 
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1 Notations 



Consider a subset S of a C*-algebra. We denote by (S) the linear span of S and by [S] the closed linear 
span of S. We use the notation uj, n ^(a) = (77, a£) and we use inner products that are linear in the second 
variable. Moreover we denote by f * : H — > C : r\ 1— > (£, 77) and denote by if the dual Hilbert space of ii, i.e. 
:= u* I £ G ff}. 

The symbol ® denotes tensor products of Hilbert spaces and minimal tensor products of C*-algebras. Wc 
use the symbol ®alg for algebraic tensor products of *-algebras and ® for the tensor product of von Neumann 
algebras. We also make use of the leg numbering notation in multiple tensor products: if a E A ® A, then 
012, 013, fl23 denote the obvious elements in A (g> A ® A, e.g. a.12 = a <8> 1. 

The adjointable operators between C*-modules or bounded operators between Hilbert-spaces H and K are 
denoted by C(H,K). We also denote C(K,K) by £(iT). 

Let £> be a unital *-algebra. We call a linear map cj : B — » C such that w(l) = 1 a faithful state if cj(a*a) > 
for all a E B and w(a*a) = if and only if a = 0. 

2 Preliminaries 

Compact quantum groups 

We give a quick overview of the theory of compact quantum groups which was developed by Woronowicz in 
[31] • We refer to [T7j for a survey of basic results. 

Definition 2.1. A compact quantum group G is a pair (C(G), A), where 

• C(G) is a unital C*-algebra; 

• A : C(G) — » C(G) (8) C(G) is a unital *-homomorphism satisfying the co- associativity relation 

(A<g>id)A = (id(g> A)A ; 

• G satisfies the left and right cancellation property expressed by 

A(C(G))(1 <8> (7(G)) and A((7(G))(<7(G) ® 1) are total in (7(G) ® (7(G) . 

Remark 2.2. The notation (7(G) suggests the analogy with the basic example given by continuous functions 
on a compact group. In the quantum case however, there is no underlying space G and (7(G) is a non-abelian 
C*-algebra. 

A fundamental result in the theory of compact quantum groups is the existence of a unique Haar state. 

Theorem 2.3 (Woronowicz, |35j). Let & be a compact quantum group. There exists a unique state h on 
(7(G) which satisfies (id <8> h)A(a) — h(a)l = (h ® id)A(a) for all a E (7(G). The state h is called the Haar 
state of G. 

Another crucial set of results in the framework of compact quantum groups is the Peter- Weyl representation 
theory. 

Definition 2.4. A unitary representation U of a compact quantum group G on a Hilbert space H is a 
unitary element U E C(H ® (7(G)) satisfying 

(id®A)([f)=*7 12 [/i 3 . (2.1) 

Whenever J7 1 and U 2 are unitary representations of G on the respective Hilbert spaces Hi and H2, we define 

Mor(U\U 2 ) := {T E C(H 2 ,H 1 ) | ^(T <g> 1) = (T <g> l)E/ 2 } . 

The elements of Mor([/ 1 , [/ 2 ) are called intertwiners. We use the notation End(f7) := Mor(f7, U). A unitary 
representation U is said to be irreducible if End(J7) = CI. If Mor([/ 1 , C/ 2 ) contains a unitary operator, the 
representations U 1 and U 2 are said to be unitarily equivalent. 
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We have the following essential result. 

Theorem 2.5. Every irreducible representation of a compact quantum group is finite-dimensional. Every 
unitary representation is unitarily equivalent to a direct sum of irreducibles. 

Because of this theorem, we almost exclusively deal with finite-dimensional representations. By choosing an 
orthonormal basis of the Hilbert space H, a finite-dimensional unitary representation of G can be considered 
as a unitary matrix (Uij) with entries in C(G) and (|2.1j) becomes 

k 

The product in the C*-algebra C(G) yields a tensor product on the level of unitary representations. 

Definition 2.6. Let U 1 and U 2 be unitary representations of G on the respective Hilbert spaces Hi and 
H 2 . We define the tensor product 

U 1 © U 2 := Ul 3 U 2 3 G C(Hi ®H 2 (g> (7(G)) . 

Notation 2.7. Let G be a compact quantum group. We denote by Irred(G) the set of equivalence classes 
of irreducible unitary representations. We choose representatives U x on the Hilbert space H x for every 
x G Irred(G). Whenever x, y £ Irred(G), we use x ® y to denote the unitary representation U x © U y . The 
class of the trivial unitary representation is denoted by e. We define the natural numbers mult(z, x®y) such 
that 

x <8> y = mult(z, x ® y) ■ U z . 

zelrred(G) 

The collection of natural numbers mult (z, x (£> y) are called the fusion rules of G. 

The set Irred(G) is equipped with a natural involution x h- > x such that U x is the unique (up to unitary 
equivalence) irreducible unitary representation satisfying 

Mor(x (g> x, e) ^ {0} ^ Mor(s (8» x, e) . 

The unitary representation J/^ is called the contragredient of J7 K . 

For every x G Irred(G), we take non-zero elements t K G Mor(x <S> x, e) and s K G Mor(x (8) x, e) satisfying 
(i* ® 1)(1 <8> s x ) = 1. Write the antilinear map 

./, : //, • //r:i' • (C* ® l)*x (2-2) 

and define := j^j x - We normalize i x in such a way that Tr(Q x ) = TrlQ^ 1 ). This uniquely determines 
Q x and fixes f x , up to a number of modulus 1. Note that t*t x = Tt(Q x ). 

Definition 2.8. For x £ Irred(G), the value Tr(Q x ) is called the quantum dimension of x and denoted by 
dim 9 (x). Note that dim 9 (a;) > dim(x), with equality holding if and only if Q x = 1. 

The irreducible representations of G and the Haar state h are connected by the orthogonality relations. 

(id®/,)(^(^*®l)(^)*) = ^^y^Q^} , (id®h)((U x )%t V *®l)Uy) = ^^ ) (r 1 ,Q- 1 (2.3) 
for £ G H x and r\ £ H y . 

Notation 2.9. Let G = ((7(G), A) be a compact quantum group. We denote by C(G) the set of coefficients 
of finite dimensional representations of G. Hence, 

C(G) = (far, ® id)(U x ) | x £ Irred(G), G H x ) 

Then, C(G) is a unital dense *-subalgebra of (7(G). Restricting A to C(G), C(G) becomes a Hopf *-algebra. 
Also, for x £ Irred(G), denote by 

C(G) a! = ((w fi , fJ ®id)(CP) le^eifx) 

Note that A : C(<S) X ~> C(G) X ® C(G) X and that C(G)* = C(G)-. 
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Definition 2.10. The reduced C* -algebra C r (G) is defined as the norm closure of C(G) in the GNS- 
representation with respect to h. The universal C* -algebra C U (G) is defined as the enveloping C*-algebra of 
C(G). The von Neumann algebra L°°(G) is defined as the von Neumann algebra generated by C r (G). Note 
that if G is the dual of a discrete group T, we have C r (G) = C*(T) and C„(G) = C*(T) and L°°(G) = £{T). 

Remark 2.11. Given an arbitrary compact quantum group G, we have surjective homomorphisms C U (G) — > 
C(G) — > C r (G), but most of the time we are only interested in C r (G) and C U (G). So, given the underlying 
Hopf*-algebra, there exists different C*-versions. From this point of view, we only consider two quantum 
groups different if the underlying Hopf*- algebras are different. 

Definition 2.12. A compact quantum group G is said to be coamenable if the homomorphism C U (G) — » 
C r (G) is an isomorphism. 

Proposition 2.13. The Haar state h is a KMS-state on both C r (G) and C„(G) and the modular group is 
determined by 

(id <g> o$)(U*) = (Q« <g> l)U x {Q i x t ® 1) (2.4) 

for every x E Irred(G). 



Discrete quantum groups and duality 

Following Van Daele ([28]), a discrete quantum group is a multiplier Hopf *-algebra whose underlying *- 
algebra is a direct sum of matrix algebras. The dual of a compact quantum group is such a discrete quantum 
group and is defined as follows. 

Definition 2.14. Let G be a compact quantum group. We define the dual (discrete) quantum group G as 
follows. 

co(G)= C{H X ) , £°°(G) = H C(H X ). 

xelrred(G) a;Glrred(G) 

We denote the minimal central projections of £°°(G) by p x , x E Irred(G). We have a natural unitary 
V E M(c (G) <8> C(G)) given by 

V = U x . (2.5) 

xSlrred(G) 

This unitary V implements the duality between G and G. We have a natural comultiplication 

A : £°°(G) ^ 00 (G)®£ 00 (G) : (A ® id)(V) = Vi 3 V 23 • 

One can deduce from this the following equivalent way to define the coproduct structure on £°°(G). 

A(a)S = Sa for all a E r°(G), S E Mor(y ®z,x). 

The notation introduced above is aimed to suggest the basic example where G is the dual of a discrete group 
r, given by C(G) = C*(T) and A(X X ) = \ x ® \ x for all x E T. The map x i— > yields an identification of 
r and Irred(G) and then, £°°(G) = £°°{T). 

The discrete quantum group £°°(G) comes equipped with a natural modular structure. 

Notation 2.15. We have canonically defined states tp x and i\) x on C(H X ) related to (|2.3p as follows. 

= ^r-t* x {A ® l)t x = = (id ® h)(U x (A ® 1)(U*)*) and 

<p x (A)l = -rr^m ® A)fe = ^^ff l = (id ® ft)((t^)*(il ® 1)^) , (2.6) 
dim 9 (x) Tr^ 1 ) 

for all 4 E 
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Remark 2.16. The states <p x and ip x are significant, since they provide a formula for the invariant weights 
on £°°(G). The left invariant weight is given by X^eiiTcd(G) dim q (x) 2 ip x , and the right invariant weight is 
given by Exeirred(G) dim^x) 2 ^*- 

Definition 2.17. A discrete quantum group G is amenable if there exists a left invariant mean on £°°(G), 
i.e. a state m e £°°(G)* s.t. 

m{{u> ® id)A(x)) = m(x)w(l) 

for all uj e i°°(G)* and x £ f°(G). 

Remark 2.18. It was proven [24| that G is amenable if and only if G is coamenable. 
Examples: the universal orthogonal compact quantum groups 

We consider a class of compact quantum groups which was introduced by Wang and Van Daele in |29j . These 
compact quantum groups can in general not be obtained as deformations of classical objects. 

Definition 2.19. Let F G GL(n, C) satisfying FF = ±1. We define the compact quantum group G = A a (F) 
as follows. 

• C U (G) is the universal C*-algebra with generators {Uij) and relations making U = (Uij) a unitary 
element of M„(C) ® C(G) and U = FC/F" 1 , where (Z7)y = (Uij)*. 

• A(Uij) = J2k u ik®u k j. 

In these examples, the unitary matrix U is a representation, called the fundamental representation. The 
definition of G = A a (F) makes sense without the requirement FF = ±1, but the fundamental representation 
is irreducible if and only if FF € MA. We then normalize such that FF = ±1. 

Remark 2.20. It is easy to classify the quantum groups A Q (F). For F\,F2 € GL(n, C) with FiFi = ±1, 
we write F\ ~ F2 if there exists a unitary matrix v such that F\ = vF^v , where u* is the transpose of v. 
Then, A a (F\) = A a (F2) if and only if F\ ~ F2. It follows that the A G (-F) are classified up to isomorphism 
by n, the sign of F_F and the eigenvalue list of F*F (see e.g. Section 5 of [S] where an explicit fundamental 
domain for the relation ~ is described). 

If F G GL(2, C), we get up to equivalence, the matrices 

F-f ° M 1/2 \ (2 7) 

for q E [—1,1], q ^ 0, with corresponding quantum groups A a (F q ) = SU 9 (2), see [37]. In this case the 
quantum dimension of the fundamental representation equals Tr(F*F q ) = \q + l/q\. 

The following result has been proven by Banica [Tj. It tells us that the compact quantum groups A a (F) have 
the same fusion rules as the group SU(2). 

Theorem 2.21. Let F e GL(n, C) and FF = ±1. Let G = A a (F). Then Irred(G) can be identified with N 
in such a way that 

x®y*t\x-y\®(\x-y\+2)®---®(x + y), 

for all i,t/6ft. 

Further on, we will introduce another class of compact quantum groups that we need in this article, namely 
quantum automorphism groups, but therefore we need the notion of an action. 
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3 Actions of quantum groups 



Actions and spectral subspaces 

Definition 3.1. Let B be a unital C*-algebra. A (right) action of G on B is a unital *-homomorphism 
5:B^B® C(G) satisfying 

(S <g> id)6 = (id ® A)5 and <g> C(G))] = S ® C(G) . 

The action <5 is said to be ergodic if the fixed point algebra B s := {x G B 5(x) = x (g> 1} equals CI. In that 
case, B admits a unique invariant state u> given by Lo(b)l = (id (E> h)5(b). 

Definition 3.2. Let S : B — > B (g) C(G) be an action of the compact quantum group G on the unital 
C*-algebra B. For every x G Irred(G), we define the spectral subspace associated with x by 

Jf x = {X e H x <8> B | (id ® 5)(X) = Xi 2 C/f 3 } • 

Defining Rom(H x ,B) = {S : H x —> B \ S linear and 6(S£) = (S <g> id)(CP(£ ® 1))}, we have S 
Hom(B x , B), associating to every X G JsT^ the operator Sx : B x —> B : £ >—> X(£ (g) 1). 

Remark 3.3. For each x G Irred(G), is a bimodule over the fixed point algebra B s in a natural way. 
Indeed, for a € B s and X G K x , a • X := (1 <S> a)X and X • a = X(l (g> a) turns if x into a B 5 -bimodule. 
Moreover, one can check easily that 

(-,■): K x xK x ^B 5 :{X,Y)=XY* . (3.1) 

gives an inner product, turning K x in a left Hilbert C*-module over the fixed point algebra. We refer to [15] 
for the theory of Hilbert C*-modules. 

We can also turn K x in a right Hilbert C*-module. Denote by E : B — > B 5 : x i— » (id <g> fr)<5 the conditional 
expectation onto the fixed point algebra. For I,Fe i-Cr, one can check, using the fact that (E <g> id)5(x) = 
E{x) <8> 1, that for each state ui on B 5 , (id (g> u>E)(X*Y) is an intertwiner for U x and hence scalar. This 
means that we can define 

(•,•)-: K x x K x -> B 5 by 1 ® (X, F}^ := (id (g> £7)(X*Y) , (3.2) 

which makes K x a right Hilbert C*-module over B s . 

In the case where 5 is ergodic with invariant state ui, K x can be turned in a Hilbert space because B s = C, 
with scalar product defined by (X,Y)il = YX* and (X,Y) r l = (id <g> w)(X*Y). Remark that we switched 
orders in the first scalar product to have conjugate linearity in the first variable. 

Definition 3.4. We define B as the subspace of B generated by the spectral subspaces, i.e. 

B := (X(£ ® 1) | x G Irred(G), X G K x , £ G H x ) . 

Also, we define 

B x := (X(£®1) | XeK x , ieH x ) . 
Note that 5 : B x ^ B x ® a i g C(G) X and that = B x . 

Observe that B is a dense unital *-subalgebra of B and that the restriction 8 : B B <g) a i g C(G) defines an 
action of the Hopf *-algebra (C(G), A) on B. 

Remark 3.5. If 5 is ergodic, B x is finite dimensional and its dimension is of the form dimB x • mult(5, a;), 
where mult (5, x) is called the multiplicity of x in 5. Note that as a vector space B x ~ H x (g> i^, so 
mult(<5, a;) = dimi^. 
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Suppose now that 8 : B — > B ® C(G) is an ergodic action. Let x € Irred(G). Take t E Mor(x ® a;, e), 
normalized in such a way that t*t = dhn q (x). Define the antilinear map 

R*:K a -A-: = (f ® 1)(1 ® «*) • (3.3) 

Since i is fixed up to a number of modulus one, L x := R*R X is a well defined positive clement of C(K X ). 

Definition 3.6. We put mult g (x) := y/Tr(L x ) Ti(L x ) and we call mult g (a;) the quantum multiplicity of x 
in 8. 

Remark 3.7. It can be proven, for example in [B], that murtq(x) < dim g (x) for all x G Irred(G). If equality 
holds for all x S G, we say that <5 is of /u/Z quantum multiplicity. 

Terminology 3.8. An action 6 : B — > B (g> C(G) of G on B is said to be universal if 2? is the universal 
enveloping C*-algebra of B. It is said to be reduced if the conditional expectation (id (g> /i)<5 of B on the fixed 
point algebra B s is faithful. 

Remark 3.9. From remark 12. 11| we saw that a compact quantum group (C(G), A) has many C*-versions, 
while the underlying Hopf* -algebra is the same. The same remark applies to actions. We have that B u — > 
B — » B r for an action 8 : B ^ B <S> C(G). So again, we only consider two actions to be different if the 
underlying Hopf *-algebra actions are different. We make extensively use of this fact. 

Actions on von Neumann algebras are defined as follows. 

Definition 3.10. A right action of a compact (resp. discrete) quantum group G (resp. G) on a von Neumann 
algebra TV is an injective normal unital *-homomorphism 

£ : TV -» N®L°° (G) resp. 5 : N -> N®1°° (G) 

satisfying (<5 ® id)5 = (id ® A)8, resp. (5 ® id)S = (id (8> A)S. 

Remark 3.11. In the case of an action of a compact quantum group on a von Neumann algebra, we do not 
require the density condition like for C*-algebraic actions. The reason is that this is automatically fulfilled 
for von Neumann algebras. This is a quite deep result and we refer to [5S], theorem 2.6 for a proof. This 
implies that the spectral subalgebra as defined in 13.41 remains (weakly) dense in N. 

Remark 3.12. Because every action 8 : B — > B ® C(G) has an unitary implementation, it can be extended 
to a von Neumann algebraic action. 

Quantum subgroups and homogeneous spaces 

Definition 3.13. Let (G, Ajj) and (H, Ah) be compact quantum groups. We call H a closed quantum 
subgroup of G whenever there is given a surjective *-homomorphism rn : C(G) — ► C(H) satisfying An o re = 
(rja ® r H )A G . 

Definition 3.14. Let (G, Aq) a compact quantum group with quantum subgroup (H, An)- Define the 
Hopf*-algebra action 7e : C(G) — > C(H) ® a ig C(G) : a; i— > (re 8) id)Ac(a;). Define the homogeneous space 
C(H\G) as the fixed point subalgebra of C(G) under th. 

Remark 3.15. The restriction of the comultiplication to C(H\G) gives a Hopf* -action 

Ajj\g : C(H\G) C(H\G) ® a i g C(G) . (3.4) 

Since the action th is invariant under de Haar measure of G, we can extend it to C r (G) and L°°(G) and hence 
define C r (H\G) and L°°(IHI\G). By universality, th is also extendable to C U (G), which gives us C„(H\G). 

The restriction of the comultiplication to C r (H\G), respectively C U (H\G), or L°°(H\G) gives again an action 
as in formula (|3.4p . 
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Lemma 3.16. The restriction of rm to the quotient C(H\G) is the co-unit e&. 
Proof. For a G C(H\G), 

A H (r H (a)) = (m O r H )A G (a) = 1 ® r H (a) , 
We now apply (id en) to both sides of the equation and use the fact that eii^n = £G ([23])- Then 

rn(a) = (id ® eH)A M (r H (a)) = e G (a)l , 

which ends the proof. □ 

In the last chapter, we will need a special kind of subgroup. 

Definition 3.17. Consider a compact quantum group (G, Aq). We call a quantum subgroup (H, An) of 
Kac type maximal, if for any quantum subgroup K of Kac type, L°°(B[\G) C L°°(K\G). 

Every compact quantum group has a unique maximal quantum subgroup of Kac type (see |21j). We call it 
the canonical Kac subgroup of the quantum group. 

Invariant subalgebras 

A more general notion is that of an invariant subalgebra. 

Definition 3.18. Consider a compact quantum group G with comultiplication A. A right invariant subal- 
gebra of G is a unital C*-algebra B C C(G) such that A(B) CB« C(G). 

We can define an ergodic action 5 of G on B by just restricting A to B. We get the following easy proposition. 

Proposition 3.19. Consider a compact quantum group G and a right invariant subalgebra B of C(G). 
Denote the action of & on B by S. For all x £ Irred(G), mult(<5, x) < dim(x) and equality in all x is only 
reached when B = C(G). 

Proof. Let x G Irred(G). From the definition of a spectral subspace, we get 

K x = {X G H x ® B | (id ® A)(X) = A 12 C/f 3 } . 

It is clear that 

K x G K x := {X G H x ® C(G) | (id ® A)(X) = X 12 U? a } 

with Kj; the spectral subspace of the comultiplication A. Now K x = H x where the bijection is given by 
H x -> K x : £ ^ {£* <8> l)^. Then mult (5, cc) = dim( J ftT 2: ) < dim( J ff 2: ) = dim(x). 

Equality for all a; G Irred(G) means that = K x , so = C{G) X and hence _B = (7(G). □ 
Quantum automorphism groups 

In this section we consider a class of universal quantum groups, namely the quantum automorphism groups 
as studied by Wang in [SHj and Banica in [HE]. We only consider C*-algebras with a special kind of states. 

Definition 3.20. Let (D, uj) be a finite dimensional C*-algebra of dimension > 4 with a state. Denote by 
/i : D ® D — > D the multiplication. Take <5 > 0. If for the inner product implemented by oj, fifi* — <5 2 1, we 
call to a (5-form. 

If D is a matrix-algebra, every state is of the form Tr(F-) and a (5-form with 8 2 = Tr(i^ _1 ). This can easily 
be checked by writing out fi^i* in terms of the orthonormal basis (e.ijF~ 2 ) i j—\... n of D. 

We can now give the definition of a quantum automorphism group: 
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Definition 3.21. 5] Let (D,uj) be an finite-dimensional C*-algebra with a (5-form. We define the compact 
quantum group G = A aut (D, uj) as follows. G is defined by an action a : D — > D® C U (G) with the following 
properties: 

• C U (G) is defined as the universal C*-algebra generated by 

{(ui (g id)a(a) | u 6 £>*, a G £>} . 

• Whenever /3 : I? — > D eg) C„(Gi) is an action of a compact quantum group Gi, there exists a unique 
*-homomorphism tt : C M (G) — > C u (Gi) satisfying /3 = (id (g 7r)a. 

Remark 3.22. In this article, we consider only the cases where n > 4. In the cases n = 1, 2, 3, we just get 
the permutation group S n . 

Representation Theory 

In [3] , Banica has determined the irreducible representations and their fusion rules for all quantum automor- 
phism groups. 

If B and uj are as above, the fusion rules of A aut (D,uj) are those of SO(3). This means that the irreducible 
representations are labeled by N. We choose Ui G C{Hi)®C{A aut {D,uj)) the representative of the irreducible 
representation with label i in such a way that Uq is the trivial representation £ and that U = Uq U\ G 
C{D) ® C{A aut (D,u))) is the fundamental representation. The fusion rules are given by: 

U l Uj = U\i_j\ + E/ji_j| +1 H h U l+j . 

4 Monoidal equivalence 
General theory 

The notion of monoidal equivalence was introduced in [S] . In this section, we give an overview of the results 
we will need. 

Definition 4.1 (Def. 3.1 in [S]). Two compact quantum groups Gi = (C(Gi), Ai) and G2 = (C(G2), A2) 
are said to be monoidally equivalent if there exists a bijection ip : Irred(Gi) — > Irred(G2) satisfying 95(e) = s, 
together with linear isomorphisms 

ip : Mor(a:i ® • • • <g> x r , yi <g> • • • j/fc) — > Mor(ip(xi) (g) • • • (g) ip(x r ), ip(yi) ® • • • ® <p(yk)) 

satisfying the following conditions: 

<p(l) = l ® T) = ^(5) ® y>(T) 

V (s*) = <p(sy <p(st) = <p(s)<p(T) 

whenever the formulas make sense. In the first formula, we consider 1 G Mor(ir, x) = Mor(x ® s,x) ~ 
Mor(e (g x, x). Such a collection of maps ip is called a monoidal equivalence between Gi and G2. 

By Theorem 3.9 and Proposition 3.13 of [6], we have the following fundamental result. 
Theorem 4.2. Let if be a monoidal equivalence between compact quantum groups Gi and G2. 

• There exist a unique unital * -algebra B equipped with a faithful state u> and unitary elements X x G 
B(H X , H v ( x j) ® B for all x G Irrerf(Gi), satisfying 

1. Xf 3 X$ 3 (S ® 1) = (tp{S) ® l)X x for all S G Mor(y (g. z, x) , 
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2. the matrix coefficients of the X x form a linear basis of B, 

3. (iA®uj){X x ) = if x^e. 

• There exists unique commuting ergodic actions Si : B — > B <8> a ig C(G\) and 5<i : B — > C(G2) <8> a ig B 
satisfying 

(id ® <5i)(X :r ) = Xf 2 U& and (id <g> 5 2 )(*') = Uf 2 {x) X x 3 
for all x G Irred(G). 

• The state lo is invariant under 5% and 62- Denoting by B r the C* -algebra generated by B in the GNS- 
representation associated with lo and denoting by B u the universal enveloping C -algebra of B, the 
actions 61,82 admit unique extensions to actions on B r and B u . 

This algebra B is called the link algebra of Gi and G2 under the monoidal equivalence <p. 

Note that in the case G = Gi = G2 and ip the identity map, we have B = C(G) and X x = U x for every 
x G Irred(G). The following unitary operator generalizes 



X:= X x where Xg JJ (C(H X , H v(x) ) ® B) . (4.1) 

xelrred(G) xelrred(G) 

Proposition 4.3. The invariant state lo is a KMS state on B r and B u and its modular group is determined 
by 

(id ® a?)(X x ) = (Q« (x) ® l)X x {Q x t ® 1) (4.2) 

/or every x G Irred(Gi). 

Remark 4.4. Define B x := ((w^ tV ® id)(X :E ) | £ G H v ( x ^, n G . Then, as a vector space 

B = B x . 

elrred(G) 



Moreover, the B x are exactly the spaces B x in definition 13.41 coming from the spectral subspaces of Si and 
62, while B is exactly the dense ""-algebra given in Definition 13.41 



The orthogonality relations ()2.3|1 generalize and take the following form. 



(id ® wKX-totf ® i)(x*)*) = J^im, QM) , 

«\ (4.3) 



(id®a,)((JP)*(& % * ® 1)^) = dm^)^ 2 '^t)^) 
for £1 € iJr, 771 e 6 e ^(s) and rj 2 G ^(j,)- 



Concrete examples 

In this section, we investigate in a closer way monoidal equivalence for specific quantum groups, namely the 
universal quantum groups A Q (F) and the quantum automorphism groups. The case of the quantum groups 
A a {F) was already studied in detail in [BJ. If Gi = A a (Fi) and G2 = ^4 Q (F 2 ), the following theorem gives a 
concrete expression of their link algebra. 

Theorem 4.5 (Thms. 5.3 and 5.4 in [BJ). Let F 1 G M ni (C) and F 2 G M„ 2 (C) such that FiF 1 = ±1 and 
F 2 F 2 = ±1. 

• TTie compact quantum groups A (i<i) and _/4 (i<2) are monoidally equivalent iff F\F\ and F2F2 have 
the same sign and Tt^F^Fi) = Tt^F^Fz). 
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• Assume that A {F\) and A a (F2) are monoidally equivalent. Denote by C u (A (Fi, F2)) the universal 
unital C* -algebra generated by the coefficients of 

Y G M n2 , ni (C) ® C U (A (F 1 ,F 2 )) with relations Y unitary and Y — (F 2 g> 1)Y(F 1 ~ 1 <g) 1) . 

Then, C u (A (Fi, F2)) ^ and there exists a unique pair of commuting universal ergodic actions, S± of 
A {F\) and 82 of A (F2), such that 

(id ® 8i)(Y) = Y 12 {Ux) X3 and (id ® 5 2 )(Y) = ((7 2 ) 12 Y 13 . 

Here, Ui denotes the fundamental representation of A {Fj). 

• (C u (A Q (Fi, F2)), 5i, 62) is isomorphic with the C* -algebra B u and the actions thereon given by theorem 

m 

Remark 4.6. It is also true that any compact quantum group which is monoidally equivalent with A Q (F) 
where F e GL(n,C) and FF = ±1 is itself of the form of A {F X ) where F x 6 GL(m,C) and F{F\ = ±1. 
Even more holds, Banica PQ showed that any quantum group with fusion rules of SU(2) is of the form A a (F) 
where F £ GL(n, C) and = ±1. 

Next, we obtain a concrete expression of the link algebra in the case that Gi = A au t(Di,uji) and G2 = 
A au t(D2, W2). We prove the following theorem. 

Theorem 4.7. Lef _Di and D2 be finite dimensional C -algebras and u>\ and 0J2 respectively a Si- form and 
a 82- form on D±, respectively £>2. 

• The compact quantum groups Gi = A aut {Di,u)i) and G2 = A aut (D2,iL>2) are monoidally equivalent if 
and only if Si = 82- 

• Suppose that A aut (Di,LUi) and A aut (D2, L02) are monoidally equivalent. Denote by C u (A aut ((Di,u)i), (Z^,^))) 
the universal C* -algebra generated by the matrix elements of a unital *-homomorphism 

7 : Z>i ^ £) 2 ® C u {A aut {{Di,wx), (U 2 , wa))) 

with relations (cj 2 ® id)7(a;) = u>i(x)l for all x £ Di . 

Then C u (A au t((D x ,u>x), (Z? 2 , ^2))) 7^ and there exists a unique pair of commuting ergodic actions of 
full quantum multiplicity Si of A aut (Di, uii) and S2 of A aut (D2, w 2 ), such that 

(id <g <5i)7 = (7 ® id)/3i and (id <g> S 2 )l = {P2 <8> id)7 , 

where 0i : Di — ► £>i ® C u (A ou t(£)i,a;i)) and /3 2 : Z*2 — ► £) 2 ® C , lt (A £mt (Z?2 ) ^2)) are £/ie actions of the 
quantum automorphism groups. 

• (C u (A aut ((£*!, wi), (-D2, W2))), <$i, 02) is isomorphic with the C* -algebra B u and the actions thereon given 
by proposition ^. 2\ 

Proof. Denote by fii, fi2 and 771, r/2 the multiplication and unital map of respectively Di and D2. The 
proof of the first point goes as follows. First suppose that Si = 82- Take now U, respectively V the 
fundamental representation of A aut {Di,u)i), respectively A aut (F>2, W2) corresponding to the actions of this 
quantum groups. Consider the graded C*-algebras (Mor([/ m , U n )) n . m and (Mor(V m ,V n )) n ,m- We know 
from [4] that there is an isomorphism tt : (Mor({7™, U m )) n , m — * (Mor(V n , V m )) n . m which satisfies 7r(//i) = {12 
and 7r(rji) = 772 We now can work analogously to the case of A Q (F) that was covered in [BJ. 

We now set Irred(Gi) = N and P n £ Mor(£7", U n ) the unique projection for which P n T — for all r < n 
and all T £ Mor(U r , U n ). We define U n as the restriction of U n to the image of P n and identify 

Mor(ni Cg> • • • <g) n r , mi ® • • • <8> m^) 
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= (P mi ®---®P mk )Mor{U^ + - +n %U m ^ + - +m «){P ni ®---®P np ) . 

Define now H^i n \ := 7r(P„)D™ and define for S* £ Mor(m ® • • -<g)n r , mi ® ■ • -<S>mfc), V'('S') by the restriction of 
7r to Mor(m ® ■ • ■ <g>n r , mi ® • ■ • <g> m^). Then -0 is a unitary fiber functor which gives a monoidal equivalence 
between Gi and G 2 . 

Conversely, suppose that A aut (Di,uji) ~ A aMt (D 2 , w 2 ). Denote by Mi, respectively «i the irreducible 

mon 

representation with label 1 of A aut (Di,u>i) and A aut (D2, uj 2 ). Then dim 9 (ui)l = o>i^i/i^o' 1 = S 2 1 and 
because monoidal equivalence preserves the quantum dimension, <5i and S 2 must be equal. This proofs the 
first part of the theorem. 

For the proof of the other parts of the theorem, we first make the following observation. Consider two finite 
dimensional C*-algebras (D\,loi) and (D 2 ,uj 2 ) with <5-forms and their quantum automorphism groups 
A aut {D 1 ,uj 1 ) := Gi and A aut (D 2 ,Lu 2 ) := G 2 . Denote now by H{ = Di Q C and U} G C(H\) (g>C(G,) for 
i = 1,2 the representative of the irreducible representation with label 1. Denote by 9i G Mor((t/' i 1 ), {U}) 2 ) 
and 7^ G Mor([/°, {U}) 2 ) the obvious "components" of the multiplication. From the construction in the first 
part of the theorem, it follows that there is a monoidal equivalence ip between Gi and G2 which sends 6\ 
and 71, to 9 2 and 72. If we further below talk about the monoidal equivalence between A aut (D 1 ,uj 1 ) and 
A a ut{D 2l W2), we will always mean this one. 

We first remark that if C u {A aut {(D\, u>i), (D 2 , ^2))) 7^ 0, the actions are given by universality. Indeed, 

(7<S>id)/?i : D 1 D 2 ® A out ((£>i, Wi), (£> 2 , w 2 )) <g) A™t(-Di, wi) 

is a *-homomorphism which satisfies 

(w 2 ® id ® id) (7 O id)/3i(x) = wi(x)l 

for x G Z?i. So by universality, there exists a *-homomorphism 

c5i : A aut ((Di,wi), (£> 2 ,a; 2 )) -> A aut ((L»i, wi), (£> 2 , w 2 )) ® A»«t(-Di, wi) 

satisfying (id<8>5i)7 = (7®id)/3i. Because /3i is an action and the coefficients of 7 generate C u (A aut ((Di, u>i), (D 2 ,uj 2 )), 
it follows that S\ is an action. We define 5 2 in an analogous way. 

Consider now the C*-algebra B u we get from the monoidal equivalence. Denote by 9i, 7^ the components of 
the multiplication of Di, i = 1, 2. As we said above, we may suppose that the monoidal equivalence sends d\ 
and 71 respectively to 9 2 and 72. Denote by Ui the irreducible representation of A aut (Di,LUi) with label 1. 
Because every irreducible representation is contained in a tensor power of the one with label 1, the matrix 
coefficients of X 1 G C(Di Q C, D 2 C) ® B u generate B u as a C*-algebra. By identification, X 1 provides us 
with a linear map 

r : d 1 e c -> (£> 2 e c) ® b u 

which we can easily extend to D\ by setting r(l) = 1. Because 

X 1 {9 1 ® 1) = (6» 2 (8) l^X^ and (71 <g> 1) = (72 <g> l^X*, , 

r is multiplicative, obviously unital and ui\(x)l — (uj 2 ® id)T(x). It also preserves the involution because 
^23(71 ®1) = -^13(72 ®1) an( i 7i an d 72 implement the involution on respectively Di and D 2 . By universality 
there exists now a unital *-homomorphism 

p:C u {A aut {{D 1 ^ 1 ),{D 2 ,u 2 )))^B u 

such that r = (id ® p)"f. It is now left to show that p is an isomorphism. 

Because 7 satisfies the equation (u 2 ® id)7(x) = wi(x)l, we can look at the restriction of 7 given by 

7 :AeC^(D 2 eC)« C u (A, ut ((Di, wi), (£> 2 , W2))) . 
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Denote by Y £ C{{D\ G C),(D 2 C)) ® C u {A au t{{D\, Wi), (D2, ^2))) the element corresponding to this 
restricted *-homomorphism. This element satisfies the equations 

Y{6i ® 1) = (6» 2 (g) l)Yi 3 r 23 and 

71 ® 1 = (72 ® l)*13l23 

because 7 is a unital homomorphism. Remark that Y is unitary because 7 also preserves the involution. 
Because the multiplication and the unital map generate all the intertwiners of A aut (Di,uJi), i = 1,2, and so 
is also true for &i and 7$, it holds that 

Y® n (P n ® 1) = (Q n (g) 1)Y»" 

where P„ and Q„ are the unique projections in respectively Mor({7{ 1 , J7") and Mor(J7| i , U^ 1 ) on the irreducible 
representation with label n. Defining a such that (id<£)o-)(X n ) = K® n (P n ig)l), gives a unital *-homomorphism 
with a p = pa = id. □ 

Remark 4.8. We can also prove that every compact quantum group G which is monoidally equivalent 
to a quantum automorphism group A aut (D,Lu) is isomorphic to another quantum automorphism group 
A a ut{D\i <^i). It is to our best knowledge not clear if every compact quantum group with the fusion rules of 
SO (3) is a quantum automorphism group. 

5 The Poisson boundary of a discrete quantum group 

We give a brief survey of Izumi's theory of Poisson boundaries for discrete quantum groups. 
Fix a discrete quantum group G. 

Notation 5.1. For every normal state </> € ^°°(G)», we define the convolution operator 

P : £°°{G) -> f°(G) : P tj} {a) = (id ® <j))A(a) . 

We are only interested in special states € £°°(G), motivated by the following straightforward proposition. 
For every probability measure p on Irred(G), we set 

selrred(G) 

Recall that the states ip x are defined in notation 12. 151 Note that we have a convolution product p * v on the 
measures on Irred(G), such that Vv*^ = Wv ® Vv)A. 

Proposition 5.2. Let <f> be a normal state on i°°{G). Then the following conditions are equivalent. 

• cj> has the form tp^ from some probability measure p on Irred(G). 

• The Markov operator P^ preserves the center of £°°(G). 

• cj> is invariant under the adjoint action of G on l°° (G) 

a G : £°°(G) -» t°°@)®L 00 (G) :a^Y{a(g> 1)V* . 
Definition 5.3 ([32], Section 2.5). Let p be a probability measure on Irred(G). Set 

H°°(&,p) = {ae f°(G) I P» = a} . 
Equipped with the product defined by 

1 - 

a ■ b := w*- lim - V P*(a&) , (5.1) 

n — >oc ri — 4 

k=l 

and the involution, norm and tr-weak topology inherited from £°°(G), the space H°°(G,p) becomes a von 
Neumann algebra that we call the Poisson boundary of G with respect to p. 
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Terminology 5.4. A probability measure p on Irred(G) is called generating if there exists, for every 
x G Irrcd(G), an n > 1 such that fi* n {x) ^ 0. 

Remark 5.5. The restriction of the co-unit e yields a state on H°°(G, fx), called the harmonic state. This 
state is faithful when \x is generating. In what follows, we always assume that p is generating. 

Definition 5.6. Let /j be a generating measure on Irred(G). The Poisson boundary iJ°°(G, p) comes 
equipped with two natural actions, one of G and one of G: 

a G : H°° (G,p) — > H°° (G, (G) :og(o) = V(a ® 1)V* , 

ag : (G, /z) — > (G)<g>-ff 00 (G, ^i) : ag(o) = A(o) . 

Note that a G is the restriction of the adjoint action of G on £°°(G), while ag is nothing else than the restriction 
of the comultiplication. The maps «g and ag are well dchncd because of the following equivariancc formulae: 

(id® P M )(A(a)) = £(P p (a)) and (P„ ® id)(a G (a)) = a G (P M (a)) ■ ( 5 - 2 ) 

Remark 5.7. With the product defined by formula (|5.1|) . the mappings a G and ag are multiplicative. This 
follows from the equivariance formulae (|5.2j) . Hence a G and ag are actions on P°°(G, /it). Because 

(e <g> id)a G (a) = (e ® id)(V(a ® 1)V*) = s(a)l , 

we see that e is an invariant state for the action a G : H°°(G, fj) — » P°°(G, /i) <8) L°°(G). 

Remark 5.8. When G is a discrete group, the action a G is the trivial action on £°°(G). In general, the 
fixed point algebra of a G is precisely the algebra of central harmonic elements Z{i QO (G)) n P°°(G, /Lt). Since 
the Markov operator preserves the center Z(l°°(&)), the commutative von Neumann algebra Z{t°°{G)) D 
H°°(G, n) with state e, is exactly the Poisson boundary for the random walk on Irred(G) with transition 
probabilities p(x,y) and n-step transition probabilities p n (x,y) given by 

PxP(x,y) =p x Pn(Py) , PxPn(x,y) = p x P™{p y ) . (5.3) 

Note that p n (e, y) = p* n (y) = yj; n (Py)- 

So, the action a G is ergodic if and only if there are no non-trivial central harmonic elements. 

6 The Martin boundary of a discrete quantum group 

The Martin boundary and the Martin compactification of a discrete quantum group have been defined by 
Neshveyev and Tuset in [TH]. Fix a discrete quantum group G and a probability measure /i on Irred(G). 
We have an associated Markov operator P M and a classical random walk on Irred(G) with n-step transition 
probabilities given by (|5.3p . 

Definition 6.1. The probability measure p on Irred(G) is said to be transient if X^^Lo^™^' v) < 00 f° r au 
x, y G Irred(G). 

We suppose throughout that p, is a generating measure and that \x is transient. 
Denote by c c (G) C Co(G) the algebraic direct sum of the algebras C(H X ). We define, for a G c c (G), 

00 

G» = ^P;(a). 

Observe that usually G M (a) is unbounded, but it makes sense in the multiplier algebra of c c (G), i.e. G )1 (a)p x G 
C(H X ) makes sense for every x G Irred(G) because p is transient. Moreover, G^(p e ) is strictly positive and 
central. This allows to define the Martin kernel as follows. 

Whenever /1 is a measure on Irred(G), we use the notation ~p to denote the measure given by ~p(x) = fi(x). 
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Definition 6.2 (Defs. 3.1 and 3.2 in [IS]). Define 

: Co(G) - f°(G) : X» = G M (o)G M (p e )- x . 

Define the Martin compactification as the C*-subalgebra of £°°(G) generated by Kp(c c (G)) and co(G). 
Define the Martin boundary as the quotient A fl /co( < G). 

By Theorem 3.5 in [18] . the adjoint action ajj and the comultiplication A define, by restriction 

a G : An -» A p (g) C(G) and ag : A„ -> M(c (G) <g> A„) . (6.1) 

By passing to the quotient, we get the following actions on the Martin boundary. 

7G : A M A M ® C(G) and 7§ : A p -» M(c (G) ® A p ) . (6.2) 

Remark 6.3. The actions ac and 7g are reduced. 

7 The correspondence between the actions of monoidally equiva- 
lent quantum groups 

In this section, we prove that there is a bijective correspondence between actions of monoidally equivalent 
compact quantum groups. Moreover, this correspondence preserves the spectral properties of the actions. 

7.1 Construction of the bijective correspondence 

Notation 7.1. Consider two compact quantum groups Gi and G 2 and a *-algebra B on which there exist two 
commuting actions Si : B — > C(Gi) <8>ai g B and <5 2 : B — > B(8) a i g C(G2). Given an action a : V — > 2?(g> a i g C(Gi), 
we define 

■D®% g B:= {a G D ® a i g B | (a®id)(a) = (id® (50(a)} . 
When we consider everything on the von Neumann algebraic level, we denote in the same way 

D B :— {a £ D®B \ (a <g> id) (a) = (id ® S l )(a)} . 

Also, if I? is a C*-algebra with reduced action a on it, then we denote D Kl" ed B as the norm closure of 
V K^ lg B in D W* B. 

Lemma 7.2. The restriction of id® 82 to T>M^ ls B gives an action 0/G2 on 2)^ B. IFe denote this action 
byid^S 2 . 

Proof. From the following easy calculation, one can see that T> Kl"^ B is invariant under the action id ® 82 ■ 

(a (g) id <g> id) (id ® 5 2 )(a) = (id <g> id <8> <5 2 )(a <g> id) (0) = (id gi id ® <S 2 )(id <g) <Si)(a) 
= (id (g) <5i <g> id) (id <g) <5 2 )(a) 

The last step is valid because 61 and (5 2 commute. Hence idH<5 2 is a well defined action of G 2 on 2?KI"j g £>. □ 

Consider two monoidally equivalent compact quantum groups Gi and G 2 and a C*-algebra D±. Suppose 
we have an action ct\ : D\ — > D\ <S> C(Gi). As we stated in remark [2.111 and remark [3~^1 , the underlying 
Hopf*-algebra action carries all the relevant information. This means that we can work with this underlying 
Hopf *-algebra action a\ : T>\ — > T>\ ® a i g C(Gi). Consider a monoidal equivalence ip : G 2 — > Gi. Note that 
we have exchanged the roles of Gi and G 2 . This will turn out to be more convenient in what follows. From 
theorem l4.2[ we get a link algebra £>, unitaries X x £ C(H X , H v i x y) ® a i g £> and two commuting ergodic actions 

8 X : B —> C(Gi) ® a i g B and 8 2 : £ -» B ® a i g C(G 2 ) . 
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given by 

{id®5 1 )(X x ) = U$ x) X? 3 and (id ® 5 2 ){X X ) = X? 2 U? 3 (7.1) 
The following theorem enables us to construct an action of G2 with the same spectral structure as a±. 
Theorem 7.3. The action a 2 := id Kl 8 2 of <G 2 on T> 2 '■= T>\ B has the following properties: 

• a 1— > a ® 1 is a * -isomorphism between the fixed point algebras of ot\ and a 2 . 

• The map T x : K v ( x \ — > K x : v t— * v\ 2 Xf 3 is a bimodular isomorphism between the spectral subspaces of 
oti and a 2 . Moreover, T is a unitary element of C(K V ^, K x ) for the inner products (•,•); and (•, -)r 
defined by formulae \3.1\) and i3.ty) . 

• The set (Tx)xeirred(G 2 ) respects the monoidal structure in the sense that for x,y,z £ Irred(G2) and 
V £ Mor(x <g) y, z) 

T x (X) 13 T y (Y) 23 (V ® 1) = T z (X 13 Y 23 (<p(V) ® 1)) 
for all X S ^(a), y € K v(y) . 

• Suppose that a% is an ergodic action. Then the action a 2 as defined above is also an ergodic action. 
Moreover for all x £ Irred(G2), multq(x) = mult 9 (^(a;)). 

Proof. Suppose that a 2 {a) = a ® 1 for a £ T> 2 . This means that (id <g> S 2 )(x) = x (g> 1. By ergodicity of 5 2 
there exists a, b E Vi such that a = 6 ® 1. But because (ai <8> id) (a) = (id (8> <5i)(a), it follows that b £ TJ" 1 . 
So the map V" 1 —> 2?2 2 : 6 1 — > & <52> 1 is a *-isomorphism. 

We now prove that the spectral subspaces of cl\ and ct 2 are isomorphic as X^-bimodules. Denote by K v ^ x ) 
and K x the spectral subspaces of respectively a\ and a 2 for the representation <p(x), respectively x. From 
remark 13.31 we know that the spectral subspaces have a natural bimodulc structure over the fixed point 
algebra. We claim that the map 

T : K v ( x ) -v K x : v i-> Vi 2 Xf 3 
is the bimodule isomorphism we are looking for. If v £ K^m, then 

(id ® ai ® id)T(u) = Wi a t^ 3 (x) JCf 4 = (id ® id ® <5i)T(«) 

by definition 13.21 of the spectral subspace K^m and the properties of I 1 , so T(i?) £ i/^ ® T> 2 . Moreover, it 
is obvious that 

(id ® a 2 )T(») = (id id ® fc)T(«) - v 12 Xf 3 U^ , 

which means T(v) £ The P^-bilinearity of T is clear. Consider now the spectral subspaces K x 

and K v ! x \ as equipped with the left inner product as in (13. ip . We show that T is a unitary element of 
C[K v i x \,K x ') for this inner product and obtain in this way that T actually gives an isomorphism between 
K v ( x ) and K x . Consider the map S : K x — > ® Pi ® 8 : w m u>(Xf 3 )*. If w £ ifj, then 

(id ® id ® «5 2 )SH = (id ® a 2 )(to)(id ® id ® <5 2 )(Xf 3 )* = («? ® 1)^4(^4)* (*is)* = $(«>) ® 1 , 

So, by ergodicity of S 2 , we may conclude that S(w) £ H v r x \ ® X>i ® C. 
Because w has its second leg in D 2 , we get that 

(id ® ai ® id)5(w) = (id ® id ® ^HpC^)* = (id ® id ® 5 1 )(w(Xf 3 )*)U^ x) 
= (id®id®<5i)(S(io))f/f 3 (a:) , 

But we just proved that the third leg of S(w) is scalar, so the last expression is nothing else than (S(w) ® 
l)Uf 3 x \ Thus, by the definition of K^m, we get that S : K x — > K^m ® C. 
For every u £ K v m and u> £ we have that 

(T(v),w) l = T(«K = ui2*f 3 u;* = u 12 SH* = («, S(w))i . 
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So, S is actually the adjoint T* of T in the sense of Hilbert C*-modules. Moreover, it is trivial that 
T*T = 1 = TT*. Hence T E C{K v{x) ,K x ) is unitary for (-, •}/. 

Next, we show that T is also a unitary element of C(K V ^, K x ) for the right Hilbert C*-module structure 
given by (|3.2|) . From proposition 3.5 of 15j, it suffices to show that T is isometric and surjective. The 
surjectivity follows from above. We use the orthogonality relations (|2.3p and (14. 3j) for U x and X x to prove 
that T is indeed an isometry. 

First notice that the conditional expectation E% : 2? 2 — > £> 2 2 ^ s nothing else than the map a i— > (id®w)(a)® 1, 
where o> is the invariant state for 5± and 62- Indeed, for ug^, 

£J 2 (a) = (id ® ft 2 )a 2 (a) = (id ® id ® fr 2 )(id ® £2) (a) = (id ® w)(o) ® 1 . 

Consider now v E K v ( x y On the one hand, we have that 

1 <g> (T(u),T(w)) r = (id ® ^)((*f 3 )*t;J 2 wi2*!i») = (id ® id ® w)((X? 3 )X 2 «i2*i3) ® 1 

= dim^) (1 ® ( Tr0id )« Q ^) X ) 

because of the orthogonality relations for X x . 
On the other hand 

1 ® (v, v) r = (id ® = (id ® id ® /ii)(id ® a x ){v*v) = (id ® id ® hi)((U^ 3 )*vl 2 vi 2 Uf 3 ) 

1 



(l®(Tr®id)((Q-i ®1)«V)) 



dim ? (a;) v >^<p(x) 

where in the last step we used the orthogonality relations for U x . Considering the map V" 1 — ► 2? 2 2 : a 1— ► a®l, 
the calculations above show that T is indeed isometric and hence unitary. 

We now show that (T x ) xe i TTe ^(Q 2 \ preserves the monoidal structure. Take v E K v ( x ), w E K(p( y ) and 
V E Mor(x ® y, 2). We calculate that 

T x (v) 13 T y (w) 23 (V ® 1) = t* 3 *u«*3*&(V ® 1) 

= UiaWasfaftO ® l)Xf 3 = T 2 (wi3w 2 3((^(F) ® 1)) , 

which proves the statement. 

Finally, we prove the fourth part of the theorem. Recall the operators from formula (|3.3j) . 

R v {x) ■ v >-> (fit)* ® 1)(1 ® V*) and ^(x) = R* v{x) R v {x) 

with v E Ktp{x) and 

R x :w^{t*® 1)(1 ® w*) and L x = i?*^ 

with w E ifj;. Then 

(«, 1 = (# v (x)«, = ((¥>(*)* ® !)(! ® (*»(*)* ® !)(! ® «>*)) 

= (¥>(t)*®l)(l®ti;*i;)(p(t)<8>l) 

where u, to E K^m. Remember the isomorphism T x : K^m — > : w 1— > wi 2 Xj c 3 . Then: 

(ui 2 Xf 3 , L x ™ 12 Xf 3 }l = (i?^i 2 Xf 3 , i^«; 12 ^)l = (i* ® 1)(1 ® (itfi2^)*(«i2^f 3 ))(t ® 1) 

= (t* ® 1 ® l)((^ 24 )*W 2 3V 23 X 2 c 4 )(t ®1®1) 

= (v(ty ® 1 ® i)(xf 4W2 * 3 t- 23 (xf 4 )*)(^(t) ® 1 ® i) 

= ® 1 ® l)(w 23 w 23 )(v3(i) ® 1 ® 1) = (tp{t)* ® 1)(1 ® w*v)(<p(t) ® 1) ® 1 . 

In this calculation, we have used that Xf 3 X 23 (i ® 1) = <^(t) ® 1. This follows from the fact that t E 
Mor(x ® x, e). Again considering the map P" 1 — > 2? 2 2 : a 1— ► a ® 1, we get that intertwines L x and L^m. 
It follows trivially from the definition 13.61 of quantum multiplicity that both quantum multiplicities are the 
same. This completes the proof of the theorem. □ 
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Remark 7.4. It seems that the statement of the theorem cannot immediately be formulated on the C*- 
algebraic level. If we define D2 = {a G D\ ® B \ (cti ®id)(a) — id<Xx5i)(a)}, as we did before for the algebraic 
and the von Neumann algebraic case, it is not clear that = id ® 82 goes into D2 ® C(G2). 

However, for von Neumann algebras, there is no problem. Suppose that a% : Di — > D\<g)L°° {&) is a von 
Neumann algebraic action and take the notations as before, where we now take the von Neumann algebraic 
link-algebra B = (B,oj)". Here it does hold that (id O (5 2 ) (Z>i H Ql B) C D x M ai B®L°°(& 2 ), as we only need 
to check that (id® id (giju) (id® S 2 ) (a) G D\ M ai B for all a G D x M ai B and /1 G ( J L oc (G 2 ))*. For C*-algebras, 
this argument is not valid. 

Claim: The algebra 2? 2 := £>i ^"\ g B a s defined in theorem 17.31 is precisely the spectral subalgebra of 
(Di M ai B, id M <5 2 ). 

Proof. Denote by V 2 the spectral subalgebra of (L>i M ai B, id M <5 2 ). It is clear that V x Kl^ B C V 2 . 
On the other hand, 

V 2 = ((id ® h)((iA H <5 2 )(a)(l ® 6)) | a G £>i S Ql B, b G C(G 2 ) X , £ G Irred(G)) . 

Because the elements of X> 2 of course sit in Di W* 1 _B, it is sufficient to prove that T>2 C T>\ <g> a i g B. 

If a G Di B, b £ C{G 2 ) X , x G Irred(G 2 ), (id(g> /i)((idKI £ 2 )(a)(l ® 6)) belongs to the strongly closed linear 
span of 

{(id (g> id ® /i)((a ® <5 2 (d))(l ® 1 <g> &)) | a G -Di, d £ B,b € C{G 2 ) X } C L>i ® a i g B^ . 

Since B^ is finite dimensional, £>i (gi a i g B^ is already strongly closed in Di®B. Hence c := (id ® /i) ((id M 
5 2 )(a)(l<8>£>)) G -Di^aig^a; for all a G L>iK Ql B and 6 G C(G 2 ) X . On the other hand, (ai®id)(c) = (id(g)£i)(c), 
which implies that c G (2?i)a; ® a i g B x C Pi ® a i g B. This ends the proof. □ 

We can start from the comultiplication on Gi and apply the above construction. It is not surprising that we 
end up with the link algebra and the action <5 2 . 

Proposition 7.5. Consider two monoidally equivalent compact quantum groups Gi and G 2 . Then there 
exists a * -isomorphism between C(Gi)M^B and the link algebra B. Moreover, this * -isomorphism intertwines 
the action id Kl <5 2 with the action 62 ■ 

Proof. We claim that <5i : B — > C(Gi)M^B is the desired ^isomorphism. From the definition of Si, it follows 
that Si : B — ► C(Gi) <g> a i g B is an injective *-homomorphism. The image of Si is contained in C(Gi) 18^ B 
because Si is an action. Moreover, if a G C(Gi) Klf^ B and ei is the co-unit on C(Gi), then 

<5i((ei <g> id)(a)) = (ei ® id ® id)(Ai ® id) (a) = a 

which means that 5i(S) =C(Gi)H££fl. So 5i is also surjective. 

Because Si and 5 2 commute, it is clear that this * -isomorphism intertwines the actions <5 2 and id M <5 2 . □ 

Now we consider the inverse monoidal equivalence ip" 1 : Gi — > G 2 . According to theorem !4.21 we obtain the 
link algebra B generated by the coefficients of unitary elements Y x G C(H v ^,H x )^>a,\ s B and two commuting 
ergodic actions 

72 : B -> C(G 2 ) ® a i g B and 7l : B -» B ® a i g C(G X ) 

with 

(id®7i)(y*) = t^ 2 y5 and (id® 7 l)(^)=i?2^r 3 (x) - (7-2) 
Denote by d) the invariant state on B. Then we get the following proposition. 

Proposition 7.6. Consider two monoidally equivalent compact quantum groups Gi and G2. Then we obtain 
a ^-isomorphism ir : C(G 2 ) — > B KQJ g B. T/iis * -isomorphism intertwines the comultiplication A2 witt i/ie 
action id IEI ^2- 
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Proof. We define the linear map tt : C(G 2 ) — > B ® B where (id ® 7r)(J7 :E ) = Yi 2 Xf 3 . Because 

(id 71 ® id)(*? 2 Xf 3 ) = Y&U$ X) X? A = (id ® id ® 5i){Y&Xf 3 ) , 
the image of 7r lies in B B. 

Consider x,y, z £ Irred(G2) and take T € Mor(x ® y, z). The multiplicativity of 7r follows from the following 
calculation: 

(id ® n){U? 3 U$ 3 (T ® 1)) = (id ® tt)((T ® l)U z ) = (T ® 1 ® 1)(1? 2 X? 3 ) 

= F-F/ 3 (^(T) ® 1 ® l)Xf 3 = F-F/ 3 Xf 4 X| 4 (T ® 1 ® 1) 
= (id ® ^)(C/ a; ) 1 34(id ® n)(U y ) 2M (T ® 1 ® 1) . 

Take now t x £ Mor(a: ® x, e). Because 

U? 3 Uf 3 (t x ®l) = t x <& 1 , 

it follows that 

(id ® id ® ir){U^*{t x ® 1)) = (id ® id ® w){Uf 3 (t x ® 1)) = FjjXf^ ® 1 ® 1) 

= 5^Xf 4 *(vj(t») ® 1 ® 1) = A-f 4 *li3*(t* ® 1 ® 1) • 

This proves that 7r also passes trough the involution, so it is a *-homomorphism. We now show that this 
map is the desired *-isomorphism. 

First we prove the injectivity. It is easy to show that (Co ® lu)it — h, with h the Haar measure of C(G 2 ). 
Suppose now that for an a £ C(G 2 ), 7r(a) = 0. Then also ir(a*a) = 0, which means that also h(a*a) = 0. 
But h is faithful on C(G 2 ), so a = 0. 

To prove the surjectivity of tt, we have to take a closer look at the elements of B Kl^ig ^- From definition ^. 4[ 
we get that 

B= B x and B= B x 

x6lrred(Gi) xelrred(Gi) 

where 8\(B X ) C C(Gi) s ® a i g ^ and 71(62;) C ® a i g C(Gi) x . Suppose b £ B Kl^ig 6- We claim that 
xelrred(Gi) ^ x ® al s ^ First notice that 

6 ® a l g 6 = B x ® a l g 6 a . 

a~,yeIrred(Gi) 

So b = b xy with b xy £ B x ® a i g B y . Since <5i(6 a ) C C(Gi) a; ® a i g B y and 71 (6 X ) C B x ® a i g C(Gi) x , it follows 
that b xy = if x ^ y. 

So we only need to prove that n(C(G2) x ) — B x 6 X , 

Therefore, remember the formulas (id®7i)(Y x ) = Y&U$ x) and (id ® S X )(X X ) = U^ x) X x 3 where Y x £ 
£(H v ( x) ,H x ) ® a i g B x and X x £ C(H X , H^) ® a i g B x . 

We know that a basis of B x (resp. B x ) is given respectively by elements of the form (wg^— >ei ® \A)(X X ) 
and (w ei ) gj- ® id)(F 2: ) with ek x ,k x £ {1, . . . , dim(y?(:c))} an orthonormal basis in H V ( X ) and ei x ,l x £ 
{1, . . . , dim(x)} an orthonormal basis in iJ^. Denote (wg£- ie! ® id)(X a: ) := 6fc X! ; x and (w e , ® id)(Y x ) := 
bl m ,k x - We also have a basis for C(G2)a; given by (cj efc ^ ei ^ ®id)(/7 a: ), again with et x ,k x £ {1, . . . , dim(x)} an 
orthonormal basis in H x . Denote by (w e( ^ !ei ^ ® id)(U x ) :— Uk x ,i x . In the following, we drop the subscript x. 
With these notations, we get that 

li(hi) = b kp <Z)u p i and <Ji(&ij) = u iq ®x qj 

p=l q=l 
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and 

dim(ip(x)) 



1=1 

An arbitrary element of B x (g> a ig B x has the form 

klij 

We get that 

(71 (g> id) (a) = ^ A^fefep <g> Up/ ® bij 

klijp 

equals 

(id ® Si)(a) = ^2 Xjbkt <8> u» g ® 6 9 j ■ 

klijq 

From this equality, we immediately see that A^/ = if I 5^ i. We have also that Af/ = A pp for all k,l,j,p. 
Indeed, the above equality provides us with the following equalities: 

A H j <8> «z g 6 9 j = ^ A H j 6 fcp ® u p/ ® by 
Zg Zp 

for every This can only happen when A K J = A^ for every ( e {1, . . . dim(H ip ( x < ) )}. So a G B x Kfjj g B^ 
has the form 

(dim(ip(x)) 
^2 *>ki ® 6ij 
i=l 

which is a linear combination of the ir(ukj)- This proves the surjectivity of n. 
Moreover 

(id ® 7T ® id)(id <g> A 2 )(Z7 X ) = (id 7T id)(C/ 1 x 2 f7 1 a 3) = Y£Xf 3 E7? 4 = (id g> (id ® <5 2 )7r)(C/ a; ) , 
so the action id IE <5 2 indeed corresponds to the comultiplication on G 2 . □ 

A combination of the two previous propositions now enables us to prove the reversibility of our construction. 

Proposition 7.7. Consider two monoidally equivalent compact quantum groups Gi and G 2 and suppose 
also that a% :T>\ — > T>\ ® C(G) is an action. Then T>\ and (T>i E3"ig B) ^"ig ^ are * -isomorphic. Moreover, 
this * -isomorphism intertwines the actions ct\ and a\ = (id ® id <8> 71) |mj k°ir-|K Q2 b- 

^ 1 alg J alg 

Proof. In exactly the same way as in proposition 17.61 we can prove that C(Gi) is *-isomorphic to B £3^j g B. 

In this case, the * -isomorphism is given by tt : C(G X ) -> B Klff g B where (id <g> ^(U^*)) = Xf 2 l^. Also in 
the same way, we can prove that tt intertwines the actions 5\ <g) id | g ^«2 g and Ai. From this, we get that 

(£>i B) K^ 2 g B is isomorphic to 

£>'/ := {a G 2?i ® a i g C(G X ) | (01 ® id) (a) = (id <gs A x )(a)} . 

From the calculation 



(id ® tt ® id)(id <g> AxXl/***)) = (id ® tt ® id)(U$ x) U$ x) ) = X&Y&U 
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= (id®id®7i)(id®7r)([/^) , 
it follows that (id ® id ® 71) \ (T> ^<*i „ a « 2 g is equivalent with id ® Ai |x>" under the *-isomorphism id ® 7r. 

V 1 alg / alg 1 
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In the same way as in proposition 17.51 we see that a.\ : T>\ — > T>" is a *-isomorphism. It is obvious that this 
* -isomorphism intertwines the actions id <g> Ai |p» and a\. Thus we get that 

(id ® tt) o ai : 2?! -> {V x H£ B) B (7.3) 
is a *-isomorphism and that it intertwines ai and = (id <8> id ® 71) ^i B ™«2 This concludes the 

\ * alg ' alg 

proof. 

□ 

Remark 7.8. Theorem 17.31 and proposition 17.71 show that the assignment T>\ — > £>i Kl"^ B and ai — ^ id Kl (?2 
yields a bijective correspondence between actions of Gi and actions of G2 (up to conjugacy). 

7.2 Special cases 

The case where D\ is a homogeneous space 

Suppose we are given two monoidally equivalent compact quantum groups Gi and G2 with monoidal equi- 
valence ip : G2 — > Gi. Denote by 5% and 82 again the ergodic actions of full quantum multiplicity on 
the corresponding link-algebra B as in formula (|7.1[) . Consider a quantum subgroup Hi of Gi and the 
corresponding action 

A HAGl : C(Hi\Gi) -» C(Hi\Gi) ® C(Gi) 

on the homogeneous space. 

To a homogeneous space of a compact quantum group, naturally there corresponds a homogeneous space of 
the link algebra. 

Definition 7.9. We define the homogeneous space B Hl by 

B Ul :={aeB \ (r Bl ® id)*i(a) = 1 ® a} . 

Note that 62 is an action on B Hl because <5i and 82 commute. 

Proposition 7.10. There is a * -isomorphism between C(Hi\Gi) Klfjg 1 ^ 1 B and B Wl . Moreover, this *- 
isomorphism intertwines the action id M 82 with the restriction of 82 to B Hl . 

Proof. We prove, as in proposition [731 t na t ^1 : B Hl — > C(Hi\Gi) Kl^g lXtl B is a *-isomorphism. Because 

(r Hl <8> id)(A Hl \Gi ® id)ii(a) = (r Wl ® id) (id ® $i)<Ji(a) 

= (id O 5i)(l <8> a) = 1 <g> 61(a) , 

we get that (5i(B Hl ) C C(Hi\Gi) K^ 1 ^' 1 B. The injectivity of 8 X is clear. The surjectivity follows from the 
fact that for a e C(H x \Gi) ^g lVGl B, 

(5i (e <g> id) (a) = (e <8> id ® id) (id ® 5i) (a) = (e <g> id <8> id) ( A Hl \ Gl ® id) (a) = a (7.4) 

and 

(r Hl igid)5i(e<g)id)(a) = (r Hl ®id)(o) = (e®id)(a), 

where in the last step we used lemma 13.161 Because S\ and 82 commute, S\ intertwines id M 82 with the 
restriction of 82 to B Hl . This ends the proof. □ 
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The case where oil is the adjoint action a Gl 

We now look at the special case where we are dealing with the adjoint action, introduced in section 5: 

a Gl : r°(Gi) -» e oo (G 1 )^L 00 (G 1 ) : a Gl (a) = V x (a ® 1)VJ . 
We get the following proposition: 
Proposition 7.11. The mapping 

p : f°(G 2 ) -> £°°(Gi) £ : p(6) = X(6 ® 1)X* (7.5) 

is a * -isomorphism. Moreover, this * -isomorphism intertwines the action idKl<5 2 with the adjoint action at& 2 
on £°°{Gr2)- We also have that 

p : C(H X ) -> Cg B 

is a * -isomorphism. 

Proof. The following calculation 

(id ® Ji)(X(6 ® 1)X*) = (Vi)i 2 X 13 (6 1 ® l)XJ3(Vi)Ja = (o Gl ® id)(X(6 ® 1)X*) 

shows that p : £°°(G 2 ) -> f°(Gi) EF G i S is an injective *-homomorphism. For every a G r°(Gi) Kl" G i S, 
we have that 

(id ® 5i)(X*aX) = Xj 3 (V!)J 2 (id <S> *i)(a)(Vi) 12 Xi3 = X; 3 (Vi); 2 (a Gl ® id)(a)(V 1 ) 12 X 13 = (X*aX) 13 . 

Because #1 is ergodic, it follows that X*aX = y ® 1 with y G f°°(G2). From this; we get that for every 
a G r°(Gi) K Q «i B there exists an y G £°°(G 2 ) such that a = X(y ® 1)X*. This proves the surjectivity of p. 
Note that p" 1 is given by p -1 (a) = (id ® w)(X*aX) for every a G ^°°(Gi) K" lJ i S. 

We prove now that (id E3 (5 2 ) o p = (p <gi id) o «g 2 - This follows from the following calculation 

(idM S 2 )(p(b)) = (id®<S 2 )(X(6® 1)X*) = X 12 (F 2 ) 13 (5® 1® 1)(V 2 )J 3 X 12 = (p®id)(o Ga (6)) • 

It is also immediately clear that p sends C(H X ) to C(H V ^ X )) Kl^ 1 6 and that p" 1 sends C(H V ( X )) ^"lg 1 ^ to 
C(H X ). This completes the proof. 

□ 

Remark 7.12. This result suggest strongly that Poisson and Martin boundaries of G 2 are related to the 
bijective construction obtained in this section. In the next two sections, we show that this is indeed the case. 

8 Poisson boundaries of monoidally equivalent quantum groups 

In this section we prove that the Poisson boundaries of two monoidally equivalent quantum groups correspond 
with each other through the construction of Theorem 17.31 Recall that, because of remark [73 we may do all 
computations immediately on the von Neumann algebraic level. 

Consider two monoidally equivalent compact quantum groups Gi and G 2 where the monoidal equivalence is 
given by <p : G 2 — > Gi with corresponding link algebra B and commuting actions S± and <5 2 . 

Notation 8.1. From now on, we write respectively V x := 2 . eIrrcd(Gl) U^ x ) and V 2 := a;6lrred ( G2 ) U x , 
where {U^^ | x G Irred(Gi)} and {U x \ x € Irred(G 2 )} denote the set of irreducible representations of 
respectively Gi and G 2 . We also denote by B = (B,u>)" the von Neumann algebraic link algebra of the 
monoidal equivalence and by X := © 2 , eIrrcd (c 2 ) X x ■ We denote the states and tp*, respectively y?^ and 
%)>l on r°(Gi), respectively £°°(G 2 ). 
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Let p be a generating probability measure on Irred(Gi). Consider the Poisson boundary H°°(Gi, p) of Gi 
with adjoint action 

a Gl : H°°(Gi,p) -» iP°(Gi, /^^"(Gi) : a Gl (a) = Vi(o ® 1)(V X )* 
We get the following theorem: 

Theorem 8.2. Consider two monoidally equivalent compact quantum groups Gi and G2 and let p be a 
generating probability measure on Irred(Gi). Then the following 

p : H°°(G 2 ,p) -» H°°(G u p) ^° Gl B : p(&) = X(6 (8 1)X* 
is a * -isomorphism. Moreover, this * -isomorphism intertwines the action id EH $2 wif/i f/ie adjoint action aQ 2 . 

Proof. In the next proposition, we prove that (P^,i ® id) o p = p o P M)2 . Now, because p : £°°(G2) — > 
£°°(Gi)M aG i B is a *-isomorphism and because of the definition of the product on H°°(Gi, p) and H°°( < &2, A 4 ), 
we get that p : H ca (G 2 ,p) -> H°°{G x ,p) M a(i i B is a *-isomorphism. □ 

Proposition 8.3. Xei p be a probability measure on Irred(Gi). We have that 

(P fl , 1 ®id)(p(b)) = p(P ll , 2 (b)) (8.1) 

for every b G £°°(G 2 ). 

Proo/. Let 6 G ^°°(G 2 ). We claim that for x,y e Irred(Gi), 

( Px ® p„ ® l)(Ai ® id)(p(6)) = Xf 3 Xf 3 (A 2 (&) ® l))(Xf 3 )*(Xf 3 )* . 

Take now z G Irred(Gi) and ip(T) G Mor(ir ® y, z). Then 

(Px®P»®l)(Ai®id)(p(6))(¥>(T)®l) = (<p(T)®l)(p(6)) = (<^(T)®l)(X 2 (&®l)pr)*) 

= Xf 3 X| 3 (T ® 1)(6 ® 1)(X Z )* = Xf 3 X| 3 (A 2 ® id)(6)(T ® 1)(*T (8.2) 

= Xf 3 X| 3 (A 2 (6) ® l))(X| 3 )*(Xf 3 )*(^(T) ® 1) 

where (|8.2|) is valid because 

(T ® = (Xf 3 )*(Xf 3 )*(^(T) ® 1) . 

Then, we get that 

(Px ® l)(P»,i ® id)(p(6)) = X*(id ® 4>l ® id)(Xf 3 (A 2 (6) ® l)(Xf 3 )*)(XT . 

We prove that 

(^ ® id)((X*)(d = V*(d)l (8.3) 

for every dGl°°(G 2 ). 

If this last equality (|8.3|l is valid, then we get 

(p x ® l)(P Wl i ® id)(p(6)) = X*((p a ® 1)(P„, 2 (6) 1))(X X )* = (p a ® l)p(P Vj2 (6)) ■ (8.4) 
This means that (P y ,i ® id)(p(6)) = p(P^^(b)) for every y G Irred(G) and (|8.1[) is true. 
The only thing left to prove is formula (|8.3j) . Using the definition of (|2.6|) . we get 

(^®id)((X»)(d®l)(X»)*) = ( f? ®^ 1 ®id)(t^ a (w) ^l / 3(d®l®l)(J^3)*(^ 2 (, ' ) )*) (8-5) 

with 77 any normal state on £°°(Gi). Then 

(EHJ) = (?7 ® /ii ® id) ((id ® 8 1 ){X y {d ® 1)(X")*)) = (»y ® w)pr w (d ® l)(X»)*)).l = ^(d)l 

where in the last step, we used the orthogonality relations (|4.3[) . This proves equality (|8.3[) and the proof is 
complete. □ 
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9 Applications to Tomatsu's work on Poisson boundaries 



The fundamental result obtained in the last section combined with recent work of Tomatsu on Poisson 
boundaries makes it possible to identify the Poisson boundary of a large class of quantum groups. This will 
be the content of this section. First, it provides us with an identification of the Poisson boundary of all duals 
of compact quantum groups that are monoidally equivalent with a q-deformations of a compact Lie group. 
Moreover, it will enables us to give concrete identifications of Poisson boundaries of some classes of non- 
amenable discrete quantum groups. Observe that monoidal equivalence does not preserve coamenability. We 
study in detail the Poisson boundary of the duals of the quantum automorphism groups A aut (D, w). When 
dim(Z?) > 5, these are actually non-amenable. 

9.1 Tomatsu's work on Poisson boundaries 

In [23) , Tomatsu has proven that the Poisson boundary of the dual of a coamenable compact quantum group 
with commutative fusion rules can be identified with the homogeneous space coming from its canonical Kac 
subgroup (see definition 13. 17p . 

The main result is the following. 

Theorem 9.1 (Theorem 4.8 in |23j). Let G be a coamenable compact quantum group with commutative 
fusion rules and EI its canonical Kac subgroup. Let /i be a generating measure on Irred(G). The Izumi 
operator 

$ : L°°(H\G) -> H°°(G,li) (id <g> h){Y*{l <g> o)V) 

is a *-isomorphism and intertwines the adjoint action ctts with the action Ajj^jj as defined in remark \3.15\ 
Remark 9.2. The mapping <E> is the Izumi operator, introduced in [T2"] . 

This gives us immediately the Poisson boundary of a whole class of quantum groups. Moreover, for q- 
deformations of classical Lie-groups, Tomatsu proves that the canonical Kac subgroup is just the maximal 
torus. 

9.2 Identification of a large class of Poisson boundaries 

Using the previous section, we obtain the Poisson boundary of every compact quantum group with com- 
mutative fusion rules which is monoidally equivalent to a coamenable one. Moreover, we obtain a concrete 
description of the Poisson boundary as a homogeneous space of the link algebra. 

So, consider a compact quantum group (Gi, Ai) which is coamenable and has commutative fusion rules. Let 
(G2, A2) be monoidally equivalent with (Gi, Ai) with monoidal equivalence given by tp : G2 —> Gi. Again, 
we have the link algebra B and the two commuting actions Si and 82 as before. Denote by Hi the canonical 
Kac group of Gi and by ra 1 : C(Gi) — » C(Hi) be the corresponding restriction map. 

Tomatsu's result combined with theorem 18.21 and proposition 17.101 gives us the following theorem: 

Theorem 9.3. Consider a coamenable compact quantum group Gi with commutative fusion rules. Let G2 
be a compact quantum groups that is monoidally equivalent to Gi . Denote by B the von Neumann algebraic 
link algebra associated to the monoidal equivalence. Let Hi be the canonical Kac subgroup 0/G1. Consider 
a generating measure fj, on Irred(Gi). Then (H° c (&2, A*), «G 2 ) * s isomorphic to (B Ml ,62). The isomorphism 
is given by the following generalized Izumi operator 

9 : B Wl — > H°°(&2^) ■ a i-> (id <g> w)(X*(l <g> a)X) . (9.1) 

This * -isomorphism intertwines the adjoint action «g 2 and the action 62- 
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Proof. By Tomatsu, $ : L°°(Hi\Gi) — > B°°(Gi,/z) is a *-isomorphism. Because $ intertwines the actions 

$ <g> id : X°°(Hi\Gi) K A "i\ r -i B -» F°°(Gi,/x) K QG i B 

is also a *-isomorphism. Combining this with Theorem 18. 21 it follows that L°°(Hi\Gi) K1 Ah i\ g i B and 
B°°(G 2 , fi) are ""-isomorphic through p™ 1 o ($ <gi id). It follows from proposition 17.101 that Si : B Hl — > 
L°°(Hi\Gi) K A »i\ s: i B is a "-isomorphism. Hence 

p- 1 o ($ <g> id) o Si : B Hl -> H oc (<G 2 , /i) 

is a *-isomorphism. 

Now we just need to prove that p -1 o ($ (g) id) o 5i = O, which follows from the next obvious calculation. 

p-\<5> ® id)Si(a) = (id ® w)(X*(id ® fti ® id)((Vi)J 2 (5i(a)) 23 (Vi)i 2 )X) 
= (id ® w)(id ® hi ® id)(id ® <5i)(X*(l ® a)X) 
= (id (g) w)(((id ® w)(X*(l ® o)X)) ® l) = 9(a) 

for all a e B Hl . 

Moreover, intertwines ac 2 and <5 2 because for all a g B Hl , 

(9 ® id)5 2 (a) = (id ® w ® id)(X^ 2 (5 2 (a) 2 3Xi 2 ) 

= (id ® w ® id)((V 2 )i 3 (id ® <5 2 )(X*(1 ® a)X)(V 2 )J 3 ) 
= V 2 ((id®w)(X*(l®a)X)®l)(V 2 )* =a G2 (6(a)) . 

This completes the proof. 

□ 

Now we have enough material to identify the Poisson boundary of some classes of discrete quantum groups 
which arc not amenable. A first important class of quantum groups that satisfy this are the duals of A a (F). 
If dim(B) > 3, then A a (F) is not coamenable. The Poisson boundary of their dual was already obtained in 
a different way (but also using monoidal equivalence) by Vaes and the second author in In fact, they 
started by constructing a generalized Izumi operator as in formula (|9.1j) for the specific case of A (F). They 
proved that this Izumi operator is multiplicative on L°°(A (F, B g )) T by using the monoidal equivalence of 
A a (F) and SU 9 (2). Hence, they reduced the identification problem to a purely SU g (2)-problem. However, 

as every A a {F) is monoidally equivalent to some SU q (2), we can identify the Poisson boundary of A Q {F) 
also using theorem 19.31 which is much more general. 

Another, new class of examples will come from quantum automorphism groups A aut (D, lo), which we explore 
in the next section. 

9.3 Examples: Quantum automorphism groups. 

In this section we identify the Poisson boundary for A aut (D, u) with D a C*-algebra of finite dimension > 4 
and uj a 5-state on D. To do this, we make use of the previous section. 

From theorem 14.71 it follows that every quantum automorphism group of this type is monoidally equivalent 
with one of the form A aut (Af 2 (C), Tr(-B)), where Tr(F _1 ) = S 2 . Because of the quantum Kesten result 
(see [3]), it follows that A QU t(M 2 (C), Tr(--F)) is coamenable. Moreover, it has the fusion rules of 50(3) and 
those are commutative. Hence, we can apply theorem 19. II of Tomatsu. We now prove that the canonical Kac 
subgroup is just the one-dimensional torus T. 
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The canonical Kac subgroup of A au t{M<i{C), Tr(-D)) 

Denote by G the compact quantum group ^ out (M 2 (C), Tr(-Z))) and by H its canonical Kac subgroup. 
Observe that we can take D a diagonal matrix. We consider only non-trivial D here. If D equals the 

identity matrix, we just get the compact group SO(3) which is already Kac. Hence SO(3) has trivial Poisson 
boundary. Denote by 7r : C(G) — > C(H) the canonical projection map. We denote by U the fundamental 
irreducible representation with label 1 and by Q the matrix corresponding to U as defined in !2.2[ normalized 
such that Tr(Q) = Tr(Q _1 ). The eigenvalues of Q are of the form 1, q, q^ 1 . 

Now V :— (id®7r)(J7) is a representation of H and because H is Kac, V = (id(g>7r)(J7) must be unitary. The 
matrix F — \J Q T , unitarizes U, what in this case means (F ® eg) 1) = U. We claim that V breaks 

up in 3 one-dimensional representations. As every representation of H appears in a repeated tensor power 
of V, it follows that all irreducible representations of H have dimension one. 

Proof of claim: As F*F has 3 different eigenvalues, it suffices to prove that F*F and V commute. It holds 
that V — FVF^ 1 , so _ 

VF = FV and F*V* = V* F* . 

As V is unitary, it follows that VFF *V* = FF*, which means that F*F G End(V). 

Since all irreducible representations of H have dimension 1, we conclude that EI is the dual of a discrete 
group r. Denote by u g the irreducible representation of H corresponding to g G T. Since V = V, there exist 
g, h G r such that 

V = Ug © U h © U g -1 . 

Observe that T is generated by g and h. We claim that T is abelian. Since U is a subrepresentation of C/® 2 , 
V is a subrepresentation of V"® 2 . But 

— Ug2 ffi U h 2 ffi Ug-2 ffi 2U £ © U hg ffi Mgft ffi Wft fl -1 ffi Ug-l h , 

implying that h G {g 2 ,h 2 ,g~ 2 ,e,hg,gh,hg~ 1 ,g~ 1 h}. Any of these possibilities for /i imply that the group 
generated by g and h is abelian. 

As r is commutative, H is just a commutative compact group. Hence the maximal quantum subgroup of 
Kac type of G is the maximal compact subgroup of G. 

Suppose x '■ C(G) — > C is a character and a : M2(C) — ► M2(C) © C(G) the canonical action of G on M2(C) 
coming from [/. Now (id © x) a is an automorphism of M2(C), and hence implemented by a unitary matrix 
A. Moreover, as Tr(-D) is invariant under (id ® x)a, 

Tr(DAa;A*) = Tr(L>a;) for all x G M 2 (C) . 

Hence A is a diagonal matrix. But then Ad(A) = Ad(diag(z, f )) for some z G T. 

On the other hand, T acts on M 2 (C) by Ad(diag(z, z)). This action 5 is Tr(-D) -invariant, so because of the 
universality of G, there exists a morphism of quantum groups 7r : C(G) — > C(T) such that (id ® 7r)o! = (5. 

We may conclude that the maximal Kac subgroup of G is the one-dimensional torus T. 
The Poisson boundary of A aut (D,oj) 

Theorem 14.71 gives a nice description of the link algebra of two monoidally equivalent quantum automorphism 
groups A au t(D\, u>x) and A aut {D2 1 0J2). Together with theorem 19.31 we obtain the following result: 

Theorem 9.4. Consider A aut (D,Lo) with D a C* -algebra of finite dimension strictly bigger than 4 and ip a 

5-state on B. Take F G M 2 (C) such that Tt^F^ 1 ) — S 2 . Then the Poisson boundary of A au t(D,u>) is given 
byL°°(A aut ((D,Lo),(M 2 (C),Tr(-F)W. 

The 4-dimensional case was considered above, except for the case A aut (C 4 ). But this compact quantum group 

is coamenable by the quantum Kesten result and moreover Kac, so A au t(C 4 ) has trivial Poisson boundary. 
This completes the identification of Poisson boundaries of the duals of quantum automorphism groups. 
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10 The Martin boundary of monoidally equivalent quantum groups 



We prove that the Martin boundaries of the duals of two monoidally equivalent compact quantum groups 
are related to each other through the construction of theorem 17.31 

So, again, we start from a monoidal equivalence ip : G 2 — * Gi with link algebra B and commuting actions 
Si and <5 2 . 

Theorem 10.1. Consider two monoidally equivalent compact quantum groups Gi and G 2 and let pi be a 
generating probability measure on Irred(Gi). Suppose A^i is the Martin boundary of the discrete quantum 
group Gi . Then 

P ■ A^ 2 -> M^B:b^ X(6 ® 1)X* 
are afeo * -isomorphisms. This * -isomorphism intertwines the action id IEI 62 with the action ae 2 . Moreover, 
we have that p : 00(62) co(Gi) B is a * -isomorphism, by which 

P : A^.2 -> A Mi i B : 6 ^ X(6 ® 1)X* 

is afao a * -isomorphism which intertwines the action id S3 82 with the action 7tg 2 . 

Proof. Recall that 

p : C{H X ) -> £(ff„ (x) ) B 

is a *-isomorphism. So it follows that 

p : c c (G 2 ) -► c c (Gr) B and p : c (G 2 ) -> 00(61) ®"ed B 
is also a ""-isomorphism. Proposition 18.31 gives us that 

(P %1 ®id)(p(b))=p(Pp i2 {b)) and thus (Gp,i®id)(p(6))=p(Gp, 2 (6)) 
for every & G c c (G2). Because G-p(p e ) S M(c c (Irred(G))) for every /i G Irred(G), we get 

piKjpQb)) = X(G 7I:2 (p £ )- 1 G 7I . 2 (6) ® 1)X* = (G^Cp,)- 1 ® l)p(Gp, 2 (6)) = (K v ,i ® id)(p(6)) . 
This fact, combined with the fact that p : £°°(G 2 ) — » £°°(Gi) KP G i B is a * -isomorphism, gives that 

P : A^ 2 - A^i B 

is an injective *-homomorphism. 

The only thing left to prove is that p is surjective. We consider the inverse monoidal equivalence <p _1 : Gi — > 
G 2 . So, in the same way as above, we get that 

p : A^t -> 2^,2 K^j S : p(&) = Y(6 ® 1)Y* , 

is an injective *-homomorphism. But we have that 

A : (p id) o p : 1 M , 2 -> (A Mi2 B ) Ked B ■ A ( & ) = Yi 2 X 13 (6 ® 1 ® 1)XJ 3 YJ 2 

is just the natural *-isomorphism from proposition [777] for the monoidal equivalence tp -1 : Gi —* G 2 . Indeed, 
A = (id ® n)aG 2 with 

7r : L°°(G 2 ) — » B El 71 £> given by (id ® tt)(V 2 ) = Y 12 Xi 3 . 

So, p : A^.2 — * A Mi i El"^ J3 is also surjective and thus a * -isomorphism. In proposition 17. 1 1] we showed that 
p intertwines the action id El 82 with the action ag, 2 . We have also shown that p : co(G 2 ) — > co(Gi) E^Tj i? 
is a *-isomorphism, such that 

P : A M , 2 - A M ,i E^ S , 

is a ""-isomorphism which intertwines the actions id El 8 2 and tt<q 2 . This completes the proof of the theorem. 
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Examples: The universal orthogonal quantum groups A a (F) 

Given an A (F), there exists a q G] - 1, 1[ {0} such that A a (F) ~ SU q (2). In [15] . Neshveyev and Tuset 

mon 

identified the Martin boundary of SU q (2) (0 < |g| < 1), under the restriction that the measure /i has finite first 
moment, with the Podles sphere C(T\SU q (2)). By theorem Eni we get that A^. 2 = C{T\SU q {2)) M™ r % B. 
But C(T\SU q (2)) is a quotient space of £°°(Gi), so in exactly the same way as in theorem l9.3l we show that 

C(T\SU q (2)) ^rtd B — Bj 

where Bj is the norm-closure of B T C B T and B the link algebra. Theorem 14. 51 savs that B = C(A (F, F q )). 
Combining these facts, we obtain the following theorem: 

Theorem 10.2. Let G = A (F). Then there exists q G] - 1,1[\{0} such that G ~ SUJ2). Take \i a 

mon 

generating measure on Irred(G) that is transient and has finite first moment: 

xfi(x) < oo . 

Then the Martin boundary A^ of G is * -isomorphic with (C(A (F, F q )))J . Moreover, this * -isomorphism 
intertwines the action 62 with the action ttq 2 . 

□ 

Remark 10.3. The above identification was already obtained by Vaes and the second author in [53] by 
using another method supporting on techniques from [57] which allow, in the case of A a (F), to deduce the 
Martin boundary from the Poisson boundary. The result by which we obtain the identification here is more 
direct and much more general. 
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